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Switched polytopic systemsAbstract The robust controller design problem for switched polytopic systems under asynchronous
switching is addressed. These systems exist in many aviation applications, such as dynamical systems
involving rapid variations. A switched polytopic system is established to describe the highly
maneuverable technology vehicle within the full ﬂight envelope and a robust dynamic output
feedback control method is designed for the switched polytopic system. Combining the
Lyapunov-like function method and the average dwell time method, a sufﬁcient condition is derived
for the switched polytopic system with asynchronous switching and data dropout to be globally,
uniformly and asymptotically stable in terms of linear matrix inequality. The robust dynamic output
feedback controller is then applied to the highly maneuverable technology vehicle to illustrate the
effectiveness of the proposed approach. The simulation results show that the angle of attack tracking
performance is acceptable over the time history and the control surface responses are all satisfying
along the full ﬂight trajectory.
ª 2015 The Authors. Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Switched systems, which consist of a ﬁnite number of
subsystems described by difference or differential equations
and a switching signal orchestrating switching between these
subsystems, have attracted considerable attention in the last
decades.1–5 Various physical or man-made systems such asmechanical systems, automotive industry, aircraft and air traf-
ﬁc control and many other ﬁelds can be modeled as switched
systems.6–8 So far, there are fruitful results on controllability,
stability, stabilization and ﬁltering design for switched
systems.9–11 Although the results obtained in these papers
are very promising, they do not consider the phenomena of
asynchronous switching between system modes and controller
candidates.12–15
Generally speaking, the phenomena of asynchronous
switching exist in reality, because it inevitably needs some time
to identify the system modes, transmit data and apply the
matched controller.16 The necessities for efﬁcient control
design are presented in a class of chemical systems under asyn-
chronous switching.17 Mode-dependent full-order ﬁlters of
considering asynchronous switching for a class of discrete-
time switched systems with average dwell time switching are
Fig. 1 Flight envelope of HiMAT vehicle.
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delayed controllers based on synchronous switching destabilize
the system under asynchronous switching.18 In all the afore-
mentioned control approaches for switched systems, each sub-
system is described by a linear model on operating points. For
most of modern aircraft, especially for high-performance ﬁght-
ers and hypersonic vehicles, the parameter variation often var-
ies fast so that the aforementioned modeling approach does
not satisfy the demand. Switched polytopic system can meet
the fast parameter variation, as parameter varying can be nat-
urally described by the switched polytopic system evolving
upon arbitrary fast switching law.19,20 While these works are
very encouraging, the problem of robust dynamic output feed-
back control for switched polytopic systems under asyn-
chronous switching has not been fully investigated yet, which
constitutes the main focus of this paper.
This paper addresses the robust controller design problem
for switched polytopic systems under asynchronous switching.
The highly maneuverable technology (HiMAT)19,21 vehicle
dynamics within the full ﬂight envelope is described by a
switched polytopic system. Each polytopic subsystem represents
the HiMAT vehicle dynamics in a part of ﬂight envelope and its
vertices are the subsystems of a locally overlapped switched sys-
tem (LOSS)20 which describes the dynamics on operating points
within this part of ﬂight envelope. For each polytopic subsys-
tem, combining the Lyapunov-like function15,16 method and
the average dwell time method, a robust subcontroller, in which
asynchronous switching and data dropout are taken into
account, is achieved by interpolating between the output feed-
back controllers on vertices, and the robust controller with
respect to full ﬂight envelope is composed of these robust sub-
controllers.22–24 It is worth noting that system parameters can
vary fast25,26 in each polytopic subsystem by the proposed
approach and the average dwell time on polytopic subsystems
is no smaller than a ﬁxed positive constant. Finally, the robust
dynamic output feedback controller is applied to the HiMAT
vehicle to illustrate the effectiveness of the proposed approach.
2. Problem formulation
The HiMAT vehicle, an open-loop unstable aircraft sponsored
by NASA and the U.S. Air Force, is studied to incorporate
technological advances in many ﬁelds, such as advanced tran-
sonic aerodynamics and a close-coupled canard conﬁgura-
tion.19,21 The operating points of HiMAT vehicle within the
full ﬂight envelope were presented in Refs.19,21 as depicted in
Fig. 1. The performance of the stability and maneuverability
of the vehicle primarily depends on the short period motion,
so the longitudinal short period models of the operating points
are used. Assume that 20 models cover the dynamic behavior
of the HiMAT vehicle within the full ﬂight envelope and each
model can describe the dynamics in the vicinity of the operat-
ing point. The vehicle dynamics on each operating point is
given by the following discrete-time linear model:
xðkþ 1Þ ¼ AixðkÞ þ BiuðkÞ
yðkÞ ¼ CixðkÞ

i 2 X ¼ f1; 2; . . . ; 20g ð1Þ
where x ¼ a; q½ T, with a and q denoting the angle of attack
and the pitch rate, respectively; u ¼ ne; nv; nc½ T, with
ne; nv and nc denoting the elevator input, elevon input andcanard input, respectively; y is the output; the matrices Ai;Bi
and Ci are of appropriate dimensions.
Data buses are generally used in modern aircraft to trans-
mit data, so delay and packet dropout induced by network
exist inevitably. The delay which is much smaller than the sam-
pling period can be ignored in the modern ﬂight vehicles, while
data packet dropout cannot be ignored. Assume that data
packet dropout only exists between sensors and controllers.
The output of the system can be written as
zðkÞ ¼ hðkÞyðkÞ þ ð1 hðkÞÞyðk 1Þ ð2Þ
where z is the signal received by controller; the stochastic vari-
able hðkÞ is a Bernoulli distributed white sequence which
denotes the transmission state of the sensor signals with
ProbfhðkÞ ¼ 1g ¼ E hðkÞð Þ ¼ q
ProbfhðkÞ ¼ 0g ¼ E 1 hðkÞð Þ ¼ 1 q

ð3Þ
where 0 6 q 6 1 is a known constant and E ð Þ represents the
mathematical expectation.
Remark 1. In this paper, we only consider the data packet
dropout between sensors and controllers. In more general
cases, data packet dropout may exist in both sensor-controller
and controller-actuator. Following the similar steps and
procedures, two independent Bernoulli distributed white
sequences hðkÞ and huðkÞ can be used to denote the transmis-
sion state of sensor signals and controller signals. Thus we
have
u0ðkÞ ¼ huðkÞuðkÞ þ ð1 huðkÞÞuðk 1Þ ð4Þ
ProbfhuðkÞ ¼ 1g ¼ E huðkÞð Þ ¼ qu
ProbfhuðkÞ ¼ 0g ¼ E 1 huðkÞð Þ ¼ 1 qu

ð5Þ
where 0 6 qu 6 1 is a known constant.
In this paper, the full ﬂight envelope of the HiMAT vehicle
is partitioned into N LOSSs.15,16 Each LOSS corresponds to a
polytopic system whose vertices are subsystems of the LOSS.
Further, the full envelope ﬂight dynamics can be described by
a switched polytopic system whose subsystems describe the
ﬂight dynamics within different parts of ﬂight envelope.
xðkþ 1Þ ¼ ArðkÞðkkÞxðkÞ þ BrðkÞðkkÞuðkÞ
yðkÞ ¼ CrðkÞðkkÞxðkÞ
zðkÞ ¼ hðkÞyðkÞ þ ð1 hðkÞÞyðk 1Þ
8><
>: ð6Þ
1228 T. Yang et al.where the switching law rðkÞ ! C ¼ f1; 2; . . . ;Ng evolves
upon mach and altitude; the matrices ArðkÞðkkÞ;BrðkÞðkkÞ and
CrðkÞðkkÞ are deﬁned as
AmðkkÞ BmðkkÞ
CmðkkÞ 0
 
¼
X
i2Xm
kiðkÞ
Ai Bi
Ci 0
 
X
i2Xm
kiðkÞ ¼ 1; kiðkÞP 0; rðkÞ ¼ m 2 C
8>><
>>:
It is worth noting that the aforementioned partition of the
full ﬂight envelope of the HiMAT vehicle should meet the
following conditions.
(1)
S
m2C
Xm ¼ X
(2) XrðkÞ \ Xrðkþ1Þ – ;; 8k 2 N; 8rðÞ ! C
Remark 2. Condition (1) ensures that the switched polytopic
system Eq. (6) can cover the full ﬂight envelope of the
HiMAT vehicle. Condition (2) guarantees that locally over-
lapped group always exists between the arbitrary two adjacent
switching subsystems and the switching process passes the
group, so the switching between the two adjacent switching
subsystems will not induce nonsmooth change of kðkÞ.
Given the switched polytopic system Eq. (6), we are
interested in designing a dynamic output feedback controller
with general structure described by
xgðkþ 1Þ ¼ Ag;rðkÞðkkÞxgðkÞ þ Bg;rðkÞðkkÞzðkÞ
uðkÞ ¼ Cg;rðkÞðkkÞxgðkÞ þDg;rðkÞðkkÞzðkÞ

ð7Þ
where xg is the controller state vector and Ag;rðkÞðkkÞ;
Bg;rðkÞðkkÞ;Cg;rðkÞðkkÞ and Dg;rðkÞðkkÞ are appropriately dimen-
sioned output feedback gain matrices to be determined.
Remark 3. rðkÞ and kðkÞ are needed to derive in real time
when the controller is processing, so the Mach number and
altitudes of the HiMAT vehicle on the operating points within
the full ﬂight envelope are stored in the controller system with
data tables before the system is processing. When the system is
processing, sensors measure the Mach number and altitude in
real time, then rðkÞ can be determined by looking up the data
tables and kðkÞ can be derived by interpolating between the
data tables.
Remark 4. Because of identifying the system modes, apply-
ing the matched controller and the existence of packet drop-
out, asynchronous switchings may exist between the
controller and the system in reality, i.e., the real switching
instants of the controller lag behind those of the system.
Most of stability analysis methods of switched systems based
on average dwell timed assume that the energy function to
evaluate the system is monotonically decreasing, but the
energy function to evaluate the asynchronous switched sys-
tem may increase. So the conventional stability analysis
methods of switched systems are less conservative and cannot
be used directly in the stability analysis of the ﬂight vehicle
switched polytopic system. This is the most signiﬁcant differ-
ence from the method in Ref.20.For concise notation, respectively, let kl and klþ1 ðl 2 NÞ
represent the starting time and ending time of the active
subsystem, while T #ðkl; klþ1Þ and T "ðkl; klþ1Þ denote the total
length of the dispersed intervals during which Lyapunov
function is decreasing and increasing within the interval
kl; klþ1½ Þ. So kl; klþ1½ Þ ¼ T #ðkl; klþ1Þ þ T "ðkl; klþ1Þ and Fig. 2
depicts the considered Lyapunov-like function. Also,
T #ðklþ1  klÞ and T "ðklþ1  klÞ can be used to represent the
length of T #ðkl; klþ1Þ and T "ðkl; klþ1Þ, respectively.
For decreasing the conservatism of the control system
design, we assume that a class of Lyapunov-like functions of
the switched subsystems is allowed to increase but the increase
rate is bounded. Without loss of generality, the max lag of the
asynchronous switching signals is supposed to be
T max ¼ smaxh, where h is the sampling period and smax is a
known constant. Thus, dynamic output feedback controller
can be written as
xgðkþ 1Þ ¼ Ag;nðkksmaxÞxgðkÞ þ Bg;nðkksmaxÞzðkÞ
uðkÞ ¼ Cg;nðkksmaxÞxgðkÞ þDg;nðkksmaxÞzðkÞ
8k 2 kl; kl þ smax½ Þ
8><
>: ð8Þ
xgðkþ 1Þ ¼ Ag;mðkkÞxgðkÞ þ Bg;mðkkÞzðkÞ
uðkÞ ¼ Cg;mðkkÞxgðkÞ þDg;mðkkÞzðkÞ
8k 2 kl þ smax; klþ1½ Þ
8><
>: ð9Þ
According to systems Eqs. (7)–(9), we have
nðkþ 1Þ ¼ AnðkkÞnðkÞ þ hðkÞA1;nðkkÞnðkÞ
8k 2 kl; kl þ smax½ Þ
(
ð10Þ
nðkþ 1Þ ¼ AmðkkÞnðkÞ þ hðkÞA1;mðkkÞnðkÞ
8k 2 kl þ smax; klþ1½ Þ
(
ð11ÞFig. 2 Extended Lyapunov-like function and its typical case.
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h iT
; k ¼ k smax; hðkÞ ¼
hðkÞ  q;E hðkÞ  ¼ 0;E hðkÞhðkÞ  ¼ qð1 qÞ.AnðkkÞ ¼
AmðkkÞ þ qBmðkkÞDg;nðkkÞCmðkkÞ BmðkkÞCg;nðkkÞ ð1 qÞBmðkkÞDg;nðkkÞ
qBg;nðkkÞCmðkkÞ Ag;nðkkÞ ð1 qÞBg;nðkkÞ
CmðkkÞ 0 0
2
64
3
75
AmðkkÞ ¼
AmðkkÞ þ qBmðkkÞDg;mðkkÞCmðkkÞ BmðkkÞCg;mðkkÞ ð1 qÞBmðkkÞDg;mðkkÞ
qBg;mðkkÞCmðkkÞ Ag;mðkkÞ ð1 qÞBg;mðkkÞ
CmðkkÞ 0 0
2
64
3
75A1;nðkkÞ ¼
BmðkkÞDg;nðkkÞCmðkkÞ 0 BmðkkÞDg;nðkkÞ
Bg;nðkkÞCmðkkÞ 0 Bg;nðkkÞ
0 0 0
2
64
3
75
A1;mðkkÞ ¼
BmðkkÞDg;mðkkÞCmðkkÞ 0 BmðkkÞDg;mðkkÞ
Bg;mðkkÞCmðkkÞ 0 Bg;mðkkÞ
0 0 0
2
64
3
75
After the manipulations above, the original robust dynamic
output feedback controller design problem for system Eq. (6)
can be further converted to ﬁnd a series of controller gain
matrices such that the switched polytopic systems Eqs. (10)
and (11) are globally, uniformly and asymptotically stable
(GUAS)15 and have a l2-gain c satisfying
sup
jjujj2 – 0
E jjyjj2=jjujj2ð Þ < c ð12Þ
in the presence of asynchronous switching, where c > 0 is a
constant, and k k2 is 2-norm of a vector or a matrix.3. Main results
In this section, the robust controller design problem of system
Eq. (6) under asynchronous switching will be discussed. The
following deﬁnitions and lemmas are recalled ﬁrst for the
convenience of the proof.
Deﬁnition 1 16. A function # : 0; b½ Þ ! 0;1½ Þ is said to be
class j if it is continuous, strictly increasing and #ð0Þ ¼ 0. If
b !1 and t!1, we have #ðtÞ ! 1. And then function # is
called class j1.
Deﬁnition 2. 15,27. For any switching signal rðkÞ and any
k1 P 1, let Nr½0; k1Þ denote the switching numbers of rðkÞ over
the interval ½0; k1Þ. If for any given N0 P 0 and sa > 0, we have
Nr½0; k1Þ 6 N0 þ k1=sa. And then N0 and sa are called the
chattering bound and the average dwell time.
Lemma 1. 15,16. Consider the discrete-time switched system
xðkþ 1Þ ¼ frðxðkÞÞðr 2 CÞ, and let 0 < a < 1; bP 0 and
lP 1 be given constants. Suppose that there are existences of
continuously differentiable functions VrðkÞ :R
n!R ðrðkÞ 2CÞ,
and two class j1 functions j1 and j2 such thatj1 xðkÞk k2
 
6 VmðxðkÞÞ 6 j2 xðkÞk k2
 
8rðkÞ ¼ m 2 C
(
ð13ÞDVmðxðkÞÞ 6
aVmðxðkÞÞ
8k 2 T #ðkl; klþ1Þ; 8rðkÞ ¼ m 2 C
bVmðxðkÞÞ
8k 2 T "ðkl; klþ1Þ; 8rðkÞ ¼ m 2 C
8>><
>>:
ð14Þ
where DVm is variable quantity of Vm.
VmðxðkÞÞ 6 lVnðxðkÞÞ
8ðrðklÞ ¼ m; rðkl  1Þ ¼ nÞ 2 C C
m– n
8><
>: ð15Þ
then the system is GUAS for any switching signal with average
dwell time
sa > s

a ¼  T "max ln ~b ln ~a
 
þ lnl
h i
= ln ~a ð16Þ
where
~a ¼ 1 a; ~b ¼ 1þ b; T "max ¼ maxl T "ðklþ1  klÞð Þ ð8l 2 NÞ.
Lemma 2. 15,16. Consider the discrete-time switched system
xðkþ 1Þ ¼ frðxðkÞ; uðkÞÞ; yðkÞ ¼ hrðxðkÞÞðr 2 CÞ and let
0 < a < 1; bP 0; lP 1 and cm > 0 ð8m 2 CÞ be given con-
stants. Suppose that there are existences of positive deﬁnite con-
tinuously differentiable functions VrðkÞ : R
n ! R ðrðkÞ 2 CÞ,
with Vrðk0Þðxk0Þ  0 such that 8ðm; nÞ 2 C C;m – n, where
k0 is the initial value. Eqs. (15) and (17) hold.
DVmðxðkÞÞ 6
aVmðxðkÞÞ  uðkÞ
8k 2 T #ðkl; klþ1Þ; 8rðkÞ ¼ m 2 C
bVmðxðkÞÞ  uðkÞ
8k 2 T "ðkl; klþ1Þ; 8rðkÞ ¼ m 2 C
8>><
>>:
ð17Þ
then, the system is GUAS for any switching signal satisfying
Eq. (16) and has an l2-gain no great than cs ¼ max ecmð Þ,
where uðkÞ ¼ yTðkÞyðkÞ  c2muTðkÞuðkÞ; e ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1T "max1
p
, with
1 ¼ ~b=~a.
Remark 5. Lemmas 1 and 2 provide the sufﬁcient conditions
of the switched systems. The results will be easily extended
to switched polytopic system via replacing VmðxðkÞÞ and
DVmðxðkÞÞ by VrðkÞðkðkÞ; xðkÞÞ and DVrðkÞðkðkÞ; xðkÞÞ.
Based on the above Deﬁnitions and Lemmas, the following
Theorems provide the sufﬁcient conditions of the switched
polytopic systems.
1230 T. Yang et al.Theorem 1. Consider system Eq. (6) and le 0 < a < 1;
bP 0; lP 1 and cm > 0 ð8m 2 CÞ be given scalars. If there
are existences of matrices PmðkkÞ > 0 ð8m 2 CÞ and matrix
G, such that Eqs. (18)–(20) hold, the systems Eqs. (10) and
(11) are GUAS for any switching signal satisfying Eq. (16)
and have an l2-gain no great than cs ¼ max
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1T "max1
p
cm
 
.
Pm;i 6 lPn;l
8ðm; nÞ 2 C C; m – n; 8i 2 Xm; l 2 Xn

ð18Þ
Pmðkkþ1ÞGGT 0 0 0 GTAmðkkÞ 0
 Pmðkkþ1ÞGGT 0 0 tGTA1;mðkkÞ 0
  I 0 CmðkkÞ 0
   I 0 0
    ð1aÞPmðkkÞ 0
     c2mI
2
6666666664
3
7777777775
< 0
ð19Þ
Pmðkkþ1ÞGGT 0 0 0 GTAnðkkÞ 0
 Pmðkkþ1ÞGGT 0 0 tGTA1;nðkkÞ 0
  I 0 CnðkkÞ 0
   I 0 0
    ð1þbÞPmðkkÞ 0
     c2mI
2
6666666664
3
7777777775
< 0
8 rðkÞ¼m;rðkÞ¼ n 2CC
ð20Þ
where t ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃqð1 qÞp ; asterisk  denotes a term that is induced
by symmetry in symmetric block matrices.
Proof. At ﬁrst, we prove the stability of switched polytopic
systems Eqs. (10) and (11). Choose the Lyapunov-like function
as
Vmðkk; nðkÞÞ ¼ nTðkÞPmðkkÞnðkÞ
8rðkÞ ¼ m 2 C
(
ð21Þ
where PmðkkÞ ¼
P
i2XmkiðkÞPm;i.
Deﬁne t ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃqð1 qÞp , for any arbitrary nðkÞ – 0 and
switching signal rðkÞ ¼ m 2 C. We have
E Vmðkkþ1; nðkþ 1ÞÞð Þ  Vmðkk; nðkÞÞ þ aVmðkk; nðkÞÞ
¼ E nTðkþ 1ÞPmðkkþ1Þnðkþ 1Þ
  nTðkÞð1 aÞPmðkkÞnðkÞ
¼ E nTðkÞ AmðkkÞ þ hðkÞA1;mðkkÞ
 T
Pmðkkþ1Þ  AmðkkÞ

þ hðkÞA1;mðkkÞ

nðkÞ nTðkÞð1 aÞPmðkkÞnðkÞ
¼ nTðkÞK1;mðkk; kkþ1ÞnðkÞ
where K1;mðkk; kkþ1Þ ¼ ATmðkkÞPmðkkþ1ÞAmðkkÞ þ t2AT1;mðkkÞ
Pmðkkþ1Þ A1;mðkkÞ  ð1 aÞPmðkkÞ.
For any arbitrary nðkÞ– 0 and switching signal
8 rðkÞ ¼ m; rðkÞ ¼ n
  2 C C ðm – nÞ, we have
E Vmðkkþ1; nðkþ 1ÞÞð Þ  Vmðkk; nðkÞÞ  bVmðkk; nðkÞÞ
¼ E nTðkþ 1ÞPmðkkþ1Þnðkþ 1Þ
  nTðkÞð1þ bÞPmðkkÞnðkÞ
¼ E nTðkÞ AnðkkÞ þ hðkÞA1;nðkkÞ
 T
Pmðkkþ1Þ  AnðkkÞ

þ hðkÞA1;nðkkÞ

nðkÞ nTðkÞð1þ bÞPmðkkÞnðkÞ
¼ nTðkÞK2;mðkk; kkþ1ÞnðkÞwhere K2;mðkk; kkþ1Þ ¼ ATn ðkkÞPmðkkþ1ÞAnðkkÞ þ t2AT1;nðkkÞ
Pmðkkþ1ÞA1;nðkkÞ  ð1þ bÞPmðkkÞ.
From Eq. (19), we can obtain Pmðkkþ1Þ  G GT < 0 and
Pmðkkþ1Þ > 0, thus we have
Pmðkkþ1Þ  Gð ÞTP1m ðkkþ1Þ Pmðkkþ1Þ  Gð ÞP 0
) Pmðkkþ1Þ  G GT P GTP1m ðkkþ1ÞG
which together with Eqs. (19) and (20) yields Eqs. (22) and
(23). By performing congruence transformation via
diag GT;GT; I; I; I; I

 
, we can obtain Eqs. (24) and (25).
GTP1m ðkkþ1ÞG 0 0 0 GTAmðkkÞ 0
 GTP1m ðkkþ1ÞG 0 0 tGTA1;mðkkÞ 0
  I 0 CmðkkÞ 0
   I 0 0
    ð1aÞPmðkkÞ 0
     c2mI
2
66666666664
3
77777777775
< 0
ð22Þ
GTP1m ðkkþ1ÞG 0 0 0 GTAnðk kÞ 0
 GTP1m ðkkþ1ÞG 0 0 tGTA1;nðkkÞ 0
  I 0 CnðkkÞ 0
   I 0 0
    ð1þbÞPmðkkÞ 0
     c2mI
2
66666666664
3
77777777775
< 0
8 rðkÞ¼m;rðkÞ¼ n 2CC
ð23Þ
P1m ðkkþ1Þ 0 0 0 AmðkkÞ 0
 P1m ðkkþ1Þ 0 0 tA1;mðkkÞ 0
  I 0 CmðkkÞ 0
   I 0 0
    ð1aÞPmðkkÞ 0
     c2mI
2
6666666664
3
7777777775
< 0
ð24Þ
P1m ðkkþ1Þ 0 0 0 AnðkkÞ 0
 P1m ðkkþ1Þ 0 0 tA1;nðkkÞ 0
  I 0 CnðkkÞ 0
   I 0 0
    ð1þbÞPmðkkÞ 0
     c2mI
2
6666666664
3
7777777775
< 0
8 rðkÞ¼m;rðkÞ¼ n 2CC
ð25Þ
By Schur complement, Eqs. (24) and (25) are equivalent to
Eqs. (26) and (27):
AmðkkÞ 0
tA1;mðkkÞ 0
CmðkkÞ 0
0 0
2
6664
3
7775
T
Pmðkkþ1Þ 0 0 0
0 Pmðkkþ1Þ 0 0
0 0 I 0
0 0 0 I
2
6664
3
7775
AmðkkÞ 0
tA1;mðkkÞ 0
CmðkkÞ 0
0 0
2
6664
3
7775
 ð1 aÞPmðkkÞ 0
0 c2mI
 
< 0 ð26Þ
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tA1;nðkkÞ 0
CnðkkÞ 0
0 0
2
6664
3
7775
T
Pmðkkþ1Þ 0 0 0
0 Pmðkkþ1Þ 0 0
0 0 I 0
0 0 0 I
2
6664
3
7775
AnðkkÞ 0
tA1;nðkkÞ 0
CnðkkÞ 0
0 0
2
6664
3
7775
 ð1þbÞPmðkkÞ 0
0 c2mI
 
< 0 8 rðkÞ¼m;rðkÞ¼ n 2CC
ð27Þ
Eqs. (26) and (27) imply that K1;mðkk; kkþ1Þ < 0 and
K2;mðkk; kkþ1Þ < 0, thus we can obtain
DVmðxðkÞÞ 6
aVmðxðkÞÞ
8k 2 kl þ smax; klþ1½ Þ; 8rðkÞ ¼ m 2 C
bVmðxðkÞÞ
8k 2 kl; kl þ smax½ Þ; 8rðkÞ ¼ m 2 C
8>><
>>:
ð28Þ
By combining the condition in Eqs. (18), (28) and Lemma 1,
the switched polytopic systems Eqs. (10) and (11) are GUAS
for any switching signal with average dwell time satisfying
Eq. (16).
Next, we prove that the switched polytopic systems
Eqs. (10) and (11) have an l2-gain Eq. (12) for any switching
signal. Deﬁne fðkÞ ¼ nTðkÞ; uTðkÞ T, for zero-initial condition
and any nonzero uðkÞ 2 l2 0;1½ Þ. We have
E Vmðkkþ1;nðkþ1ÞÞð ÞVmðkk;nðkÞÞþaVmðkk;nðkÞÞ
þE yTðkÞyðkÞð Þ c2muTðkÞuðkÞ
¼E nTðkþ1ÞPmðkkþ1Þnðkþ1Þ
 
nTðkÞð1aÞPmðkkÞnðkÞ c2muTðkÞuðkÞ
þE nTðkÞCTmðkkÞCmðkkÞnðkÞ
 
¼E
nðkÞ
uðkÞ
" #T
ATmðkkÞþhðkÞAT1;mðkkÞ
0
" #
Pmðkkþ1Þ
 
 A
T
mðkkÞþhðkÞAT1;mðkkÞ
0
" #T
nðkÞ
uðkÞ
" #!
þE
nðkÞ
uðkÞ
" #T
CTmðkkÞ
0
" #
CTmðkkÞ
0
" #T
nðkÞ
uðkÞ
" # !

nðkÞ
uðkÞ
" #T ð1aÞPmðkkÞ 0
0 c2mI
" #
nðkÞ
uðkÞ
" #
¼
nðkÞ
uðkÞ
" #T
ATmðkkÞ
0
" #
Pmðkkþ1Þ
ATmðkkÞ
0
" #T 
þt2 A
T
1;mðkkÞ
0
" #
Pmðkkþ1Þ
AT1;mðkkÞ
0
" #T
þ C
T
mðkkÞ
0
" #
CTmðkkÞ
0
" #T

ð1aÞPmðkkÞ 0
0 c2mI
" #!
nðkÞ
uðkÞ
" #
¼ fTðkÞC1;mðkk;kkþ1ÞfðkÞwhere CmðkkÞ ¼ CmðkkÞ; 0; 0½ ,
C1;mðkk;kkþ1Þ¼
AmðkkÞ 0
tA1;mðkkÞ 0
CmðkkÞ 0
0 0
2
6664
3
7775
T
Pmðkkþ1Þ 0 0 0
0 Pmðkkþ1Þ 0 0
0 0 I 0
0 0 0 I
2
6664
3
7775

AmðkkÞ 0
tA1;mðkkÞ 0
CmðkkÞ 0
0 0
2
6664
3
7775 ð1aÞPmðkkÞ 00 c2mI
 
E Vmðkkþ1;nðkþ1ÞÞð ÞVmðkk;nðkÞÞbVmðkk;nðkÞÞ
þE yTðkÞyðkÞ  c2muTðkÞuðkÞ¼E nTðkþ1ÞPmðkkþ1Þnðkþ1Þ 
nTðkÞð1þbÞPmðkkÞnðkÞc2muTðkÞuðkÞ
þE nTðkÞCTn ðkkÞCnðkkÞnðkÞ
 
¼E nðkÞ
uðkÞ
 T
ATn ðkkÞþhðkÞAT1;nðkkÞ
0
" #
Pmðkkþ1Þ
 
 A
T
n ðkkÞþhðkÞAT1;nðkkÞ
0
" #T
nðkÞ
uðkÞ
 !
þE nðkÞ
uðkÞ
 T
CTn ðkkÞ
0
" #
CTn ðkkÞ
0
" #T
nðkÞ
uðkÞ
  !
 nðkÞ
uðkÞ
 T ð1þ bÞPmðkkÞ 0
0 c2mI
 
nðkÞ
uðkÞ
 
¼ nðkÞ
uðkÞ
 T
ATn ðkkÞ
0
" #
Pmðkkþ1Þ A
T
n ðkkÞ
0
" #T 
þ t2 A
T
1;nðkkÞ
0
" #
Pmðkkþ1Þ A
T
1;nðkkÞ
0
" #T
þ C
T
n ðkkÞ
0
" #
 C
T
n ðkkÞ
0
" #T
 ð1þ bÞPmðkkÞ 0
0 c2mI
 
nðkÞ
uðkÞ
 
¼ fTðkÞC2;mnðkk; kkþ1; kkÞfðkÞ
C2;mnðkk;kkþ1;kkÞ¼
AnðkkÞ 0
tA1;nðkkÞ 0
CnðkkÞ 0
0 0
2
6664
3
7775
T
Pmðkkþ1Þ 0 0 0
0 Pmðkkþ1Þ 0 0
0 0 I 0
0 0 0 I
2
6664
3
7775

AnðkkÞ 0
tA1;nðkkÞ 0
CnðkkÞ 0
0 0
2
6664
3
7775 ð1þ bÞPmðkkÞ 00 c2mI
 
Eqs. (26) and (27) imply that C1;mðkk; kkþ1Þ < 0 and
C2;mnðkk; kkþ1; kkÞ < 0, thus we can obtain
DVmðxðkÞÞ 6
aVmðxðkÞÞ þ E yTðkÞyðkÞð Þ
c2muTðkÞuðkÞ
8k 2 kl þ smax; klþ1½ Þ
bVmðxðkÞÞ þ E yTðkÞyðkÞð Þ
c2muTðkÞuðkÞ
8k 2 kl; kl þ smax½ Þ
8>>>>>><
>>>>>:
ð29Þ
1232 T. Yang et al.By combining the condition in Eqs. (18), (29) and Lemma 2,
the switched polytopic systems Eqs. (10) and (11) have an
l2-gain Eq. (12) for any switching signal. This completes the
proof. h
Based on Theorem 1, we provide sufﬁcient conditions for
the existence of robust dynamic output feedback controller
in the form of Eqs. (8) and (9).
Theorem 2. Consider system Eq. (6) and let 0 < a < 1;
bP 0; lP 1 and cm > 0 ð8m 2 CÞ be given scalars. If there
are existence of matrices Pm;i > 0;G1 > 0;G2 > 0;G3 > 0 and
matrix
GT ¼
G1 G2 G3
G1 G2 G3
G1 G2 G3
2
64
3
75
Ag;m;i;Bg;m;i;Cg;m;i;Dg;m;i ð8m2C; i2XmÞ such that Eqs. (30)–(32)
hold, the systems Eqs. (10) and (11) are GUAS for any switching
signal satisfying Eq. (16) and have an l2-gain no greater than
cs ¼ max
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1T "max1
p
cm
 
.
Pm;i 6 lPn;l 8ðm; nÞ 2 C C; m – n; 8i 2 Xm; l 2 Xn ð30Þ
Pm;jGGT 0 0 0 N1 0
 Pm;jGGT 0 0 tN2 0
  I 0 Ci 0
   I 0 0
    ð1aÞPm;i 0
     c2mI
2
666666664
3
777777775
< 0 8i; j2Xm
ð31Þ
Pm;jGGT 0 0 0 N1 0
 Pm;jGGT 0 0 tN2 0
  I 0 Ci 0
   I 0 0
    ð1þbÞPm;i 0
     c2mI
2
6666666664
3
7777777775
< 0
8 rðkÞ¼m;rðkÞ¼ n 2CC; 8i; j;p2Xm; l2Xn
ð32Þ
Moreover, the robust controller gain in the form of Eqs. (8)
and (9) is given as follows:
Ki ¼
Ag;m;i Bg;m;i
Cg;m;i Dg;m;i
 
¼ G
1
2 Ag;m;i G
1
2 Bg;m;i
G1BqðkkÞ
 1
Cg;m;i G1BqðkkÞ
 1
Dg;m;i
" #
8m; q 2 C; i 2 Xm
8>>><
>>>:
ð33Þ
N1 ¼
u1 u2 u3
u1 u2 u3
u1 u2 u3
2
64
3
75; N2 ¼
u4 0 u5
u4 0 u5
u4 0 u5
2
64
3
75
N1 ¼
u1 u2 u3
u1 u2 u3
u1 u2 u3
2
64
3
75; N2 ¼
u4 0 u5
u4 0 u5
u4 0 u5
2
64
3
75u1 ¼ G1Ai þ qDg;m;pCi þ qBg;m;pCi þ G3Ci
u1 ¼ G1Ai þ qDg;n;lCi þ qBg;n;lCi þ G3Ci
u2 ¼ Cg;m;p þ Ag;m;p
u2 ¼ Cg;n;l þ Ag;n;l
u3 ¼ 1 qð ÞDg;m;p þ 1 qð ÞBg;m;p
u3 ¼ 1 qð ÞDg;n;l þ 1 qð ÞBg;n;l
u4 ¼ Dg;m;pCi þ Bg;m;pCi
u4 ¼ Dg;n;lCi þ Bg;n;lCi
u5 ¼ Dg;m;p þ Bg;m;p
u5 ¼ Dg;n;l þ Bg;n;l;Ci ¼ Ci; 0; 0½ 
Proof. Suppose that linear matrix inequalities (LMI) (31) and
(32) hold, we can obtain Pm;j > 0 and Pm;j  G GT < 0. Thus
Pm;j < Gþ GT, which means that matrices G1; G2 and G3 are
non-singular. According to Eq. (33), we have
Ag;m;i Bg;m;i
Cg;m;i Dg;m;i
" #
¼ G2Ag;m;i G2Bg;m;i
G1BqðkkÞCg;m;i G1BqðkkÞDg;m;i
 
8m; q 2 C; i 2 Xm
8><
>:
ð34Þ
We can readily obtain the following equations by replacing
Ag;m;i;Bg;m;i;Cg;m;i and Dg;m;i into LMIs (31) and (32).
u1 ¼ G1Ai þ qG1BmðkkÞDg;m;pCi þ qG2Bg;m;pCi þ G3Ci
u1 ¼ G1Ai þ qG1BmðkkÞDg;n;lCi þ qG2Bg;n;lCi þ G3Ci
u2 ¼ G1BmðkkÞCg;m;p þ G2Ag;m;p
u2 ¼ G1BmðkkÞCg;n;l þ G2Ag;n;l
u3 ¼ 1 qð ÞG1BmðkkÞDg;m;p þ 1 qð ÞG2Bg;m;p
u3 ¼ 1 qð ÞG1BmðkkÞDg;n;l þ 1 qð ÞG2Bg;n;l
u4 ¼ G1BmðkkÞDg;m;pCi þ G2Bg;m;pCi
u4 ¼ G1BmðkkÞDg;n;lCi þ G2Bg;n;lCi
u5 ¼ G1BmðkkÞDg;m;p þ G2Bg;m;p
u5 ¼ G1BmðkkÞDg;n;l þ G2Bg;n;l
8>>>>>>>>><
>>>>>>>>>:
From LMIs (31) and (32), we can conclude that Eqs. (19)
and (20) hold. Thus, combining Lemma 1 and Theorem 1,
the switched polytopic systems Eqs. (10) and (11) are GUAS
for any switching signal with average dwell time satisfying
Eq. (16) and have an l2-gain Eq. (12). This completes the
proof. h
By following the similar steps and procedures in Ref.15, in
the absence of asynchronous switching, i.e., T "max ¼ 0 in
Theorem 2, the following Corollary can be easily obtained:
Corollary 1. Consider system Eq. (6) and let 0 < a < 1; lP 1
and cm > 0 ð8m 2 CÞ be given scalars. If there are existences of
matrices Pm;i > 0; G1 > 0; G2 > 0; G3 > 0 and matrix
Table 1 Parameters of six operating points of HiMAT
vehicle.
Operating point Ma H (m)
2 0.4 762
3 0.6 762
5 0.4 3048
6 0.6 3048
7 0.4 6096
8 0.6 6096
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G1 G2 G3
G1 G2 G3
G1 G2 G3
2
64
3
75
Ag;m;i;Bg;m;i;Cg;m;i;Dg;m;i ð8m 2 C; i 2 XmÞ such that Eqs. (30)
and (31) hold, then the system Eq. (11) is GUAS for any
switching signal satisfying Eq. (16) and has an l2-gain no greater
than cs ¼ maxðcmÞ. Moreover, the robust controller gain in the
form of Eq. (9) is given by Eq. (33).
Remark 6. The optimal l2-gain cs and the corresponding con-
troller gains can be obtained by setting d ¼ c2s and solving the
optimization problem of Eq. (35).
Minimize : d; s:t:
Eqs: ð31Þ–ð33Þ for Theorem 2
Eqs: ð31Þ and ð32Þ for Corollary 1

ð35ÞFig. 4 Variations of altitude and Mach number.4. Numerical example
The proposed approach is validated by an application to
robust output-feedback control of the HiMAT vehicle.
Operating points within the full ﬂight envelope are depicted
in Refs.19,21 for detailed descriptions of HiMAT vehicle.
Step 1. Switched polytopic system description
For predigesting problem and simulation analysis, the region
only including six operating points which is depicted in Fig. 3
is considered in this paper. The parameters of the operating
points are shown in Table 1. By following the condition (1)
and condition (2), the region is partitioned into two LOSSs.
LOSS 1 contains the subsystems on operating points 2, 3, 5
and 6; LOSS 2 is composed of the subsystems on 5, 6, 7 and 8.
Suppose the ﬂight trajectory is 2-3-5-6-7-8. The variations of
altitudeH andMach number are depicted in Fig. 4. This trajec-
tory includes a switching which occurs when HiMAT vehicle
leaves operating point 6. Obviously the average dwell time
sa ¼ 25 s.Fig. 3 Region of HiMAT vehicle.Step 2. Robust controller design
Assume that h ¼ 0:02 s; smax ¼ 3; Ci ¼ 1; 0½  ði 2 XÞ; a ¼ 0:8;
b ¼ 0:5; l ¼ 1:2 and q ¼ 0:8. By solving Theorem 2, it can be
easily obtained that sa ¼ 3:869 s, which is much smaller than
the average dwell time sa ¼ 20 s, and the optical l2-gain
cs ¼ 1:486. The gain matrices of the robust controllers
Eqs. (8) and (9) are given by
K2 ¼
0:0735 0:0142 90:53
4:5819 0:9708 486:73
0:0051 0:2215 17:72
0:0034 0:1329 1:35
0:0007 0:1380 18:04
2
6666664
3
7777775
K3 ¼
0:2314 0:0141 73:75
3:3655 0:9558 394:43
0:0092 0:5182 35:96
0:0061 0:3788 2:84
0:0018 0:2855 36:47
2
6666664
3
7777775
K5 ¼
0:0389 0:0143 94:47
4:9994 0:9770 520:16
0:0040 0:1694 16:08
0:0027 0:1034 1:27
0:0006 0:1057 16:89
2
6666664
3
7777775
Table 2 Minimum cs for different smax with
q ¼ 0:8.
smax Minimum cs
0 1.284
1 1.365
2 1.423
3 1.486
Table 3 Minimum cs for different q with
smax ¼ 3.
1234 T. Yang et al.K6 ¼
0:1651 0:0141 80:58
3:3619 0:9572 378:93
0:0090 0:5751 27:38
0:0061 0:3981 2:16
0:0021 0:3058 28:54
2
6666664
3
7777775
K7 ¼
0:3225 0:0144 66:59
3:1385 0:9836 326:71
0:0028 0:1144 45:97
0:0019 0:0714 3:21
0:0004 0:0717 46:79
2
6666664
3
7777775q Minimum cs
0.7 1.665
0.8 1.486
0.9 1.331
1.0 1.198
Fig. 5 Trajectories of angle of attack, pitch rate and control
surface deﬂections.K8 ¼
0:1244 0:0144 85:74
3:9150 0:9744 416:53
0:0051 0:2830 23:10
0:0035 0:2106 1:83
0:0010 0:1591 24:17
2
6666664
3
7777775
The robust controller within full ﬂight envelope contains all
subcontrollers. Note that switching between subcontrollers will
not induce nonsmooth change of controller gains, provided
that the controller gains on the boundary of two adjacent poly-
topic subsystems are only interpolated by the gains on the
common subsystems.7 For example, the controller gains on
the boundary H= 3048 m are only interpolated by the gains
on operating points 5 and 6.
Step 3. Validation
The performance of the robust controller is validated by the
ﬂight trajectory 2-3-5-6-7-8. The corresponding results are
shown in Fig. 5. It can be seen that the angle of attack tracking
performance is acceptable over the time history, and the con-
trol surface deﬂections are all satisfying along the entire ﬂight
trajectory.
To describe the control system performance affected by
asynchronous switching and data packet dropout, we can
obtain a different minimal optimal l2-gain cs in Tables 2 and
3 for different smax and q. It can be concluded that as the values
of smax become smaller, smaller l2-gain cs can be achieved, on
the contrary, bigger cs can be obtained as the values of smax
become larger. Furthermore, it is worth noting that l2-gain
cs changes slowly with different values of smax, which means
that our proposed method has a good performance under
asynchronous switching.
5. Conclusions
(1) Considering the problem of asynchronous switching and
data dropout, the HiMAT vehicle dynamics within the
full ﬂight envelope is described by a switched polytopic
system.
Robust dynamic output feedback control for switched polytopic systems under asynchronous switching 1235(2) By combining the Lyapunov-like function method and
the average dwell time method, a robust dynamic output
feedback controller is achieved for the switched poly-
topic system.
(3) The robust controller has a good performance under
asynchronous switching. Moreover, the average dwell
time on polytopic subsystems is no smaller than a ﬁxed
positive constant.
(4) The robust dynamic output feedback controller is
applied in the HiMAT vehicle within the full ﬂight envel-
ope to demonstrate and validate the effectiveness of the
proposed approach.
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